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Hadronic decays from the lattice
Chris Michael
Theoretical Physics Division, Dept. Math. Sci.,
University of Liverpool, Liverpool L69 7ZL, UK.
I review the lattice QCD approach to determining hadronic decay transitions. Examples con-
sidered include ρ → pipi; b1 → piω; hybrid meson decays and scalar meson decays. I discuss what
lattices can provide to help understand the composition of hadrons.
PACS numbers: 12.38.Gc, 12.39.Mk, 13.25.-k
I. INTRODUCTION
Relatively few hadronic states are stable to strong de-
cays (i.e. via QCD with degenerate u and d quarks).
Among the mesons, we have [1]:
Stable pi K η D Ds B Bs Bc
D∗s B
∗ B∗s Ds(0
+) Bs(0
+)
Γ < 1 MeV η′ D∗ ψ(1S) ψ(2S) χ1 χ2
Υ(1S) Υ(2S) Υ(3S)
Γ < 10 MeV ω φ χ0 X(3872)
Γ > 10 MeV ρ f0 a0 h1 b1 a1 f2 f1 a2
etc., inc ηc.
The mass of an unstable state is usually defined as
the energy corresponding to a 900 phase shift. This
definition[25] seems to accord with simple mass formu-
lae: For example
• ρ(776) and ω(783) are close in mass despite having
widths of 150 and 8 MeV respectively.
• The baryon decuplet
(∆(1232), Σ(1385), Ξ(1530), Ω(1672)) is roughly
equally spaced in mass despite having widths of
(120, 37, 9, 0) MeV respectively.
So, on the one hand, unstable particles seem to fit in
well with stable ones; on the other hand, the presence
of open decay channels will have an influence in lattice
studies.
Some of the motivations to study hadronic decays on
the lattice are:
• What are hadrons made of?
Is a meson made predominantly of q¯q, q¯q¯qq or
meson-meson?
• A state that can decay strongly (resonance) neces-
sarily has a meson-meson component - is this im-
portant?
Are unstable particles different from stable ones?
• What is the nature of light-light scalar mesons?
Where is the glueball?
• Are there hybrid mesons?
Lattice QCD is a first-principles method of attack. But
we use unphysical (too heavy) quark masses, we have
Euclidean time. So what can we learn?
II. DECAYS IN EUCLIDEAN TIME
NO GO. At large spatial volume, the two-body con-
tinuum masks any resonance state. The extraction of
the spectral function from the correlator C(t) is ill-posed
unless a model is made [3, 4], since the low energy con-
tinuum dominates at large t.
GO. For finite spatial volume (L3), the two-body contin-
uum is discrete and Lu¨scher showed [5, 6, 7] how to use
the small energy shifts with L of these two-body levels
to extract the elastic scattering phase shifts. The phase
shifts then determine the resonance mass and width, see
ref. [8] for a review. Thus a relatively broad resonance
such as the ρ appears as a distortion of the pinpi−n energy
levels where pion momentum q = 2pin/L.
As a check of this approach to unstable particles on a
lattice, the coupling of ρ to pipi has been determined from
first principles [9]. The method is to arrange the ρ and
pipi state (with definite relative momentum) to be approx-
imately degenerate in energy on a lattice. Then several
independent methods allow to determine the transition
amplitude x and, hence, the effective coupling constant
g¯ from the lattice (where decay does not proceed) and
compare with experiment:
method mval msea g¯
Lattice xt s s 1.40+47
−23
Lattice ρ shift s s 1.56+21
−13
φ→ KK¯ s u, d 1.5
K∗ → Kpi u, d/s u, d 1.44
ρ→ pipi u, d u, d 1.39
Note that the lattice has heavier sea quarks than ex-
periment. Nevertheless, the level of agreement between
first-principles lattice evaluation and experiment is very
encouraging.
A. Hadronic transitions from the lattice
Here I summarise the steps that allow a fairly direct
determination of hadronic transition amplitudes from the
lattice.
(i) Consider a lattice study of the off-diagonal correla-
tor: from a ρ meson to pipi. Diagrammatically:
2ρ → pipi
0 ———-X ———-0
0 t T
(ii) Now to evaluate this contribution, since the inter-
mediate point marked X at time t is not observed on a
lattice, it must be summed over:
T∑
t=0
e−m(ρ)txe−m(pipi)(T−t) → xTe−mT
if m(ρ) ≈ m(pipi)
(iii) So a plot of the (normalised) transition from the
lattice versus T has slope of x, which can be related [9]
to the continuum coupling g2.
Note this approach is like measuring the wave-function
overlap - but with no model for the wave-functions. In
order to control excited state contributions, however, it is
subject to the restriction that initial and final states have
similar energies on a lattice. A more rigorous approach
is possible by using the method of determining the two-
body energy versus lattice volume, described above, but
in practice sufficient precision is not available in general
to study resonance decays, although results for scattering
lengths have been obtained.
III. HYBRID MESON DECAY
One of the characteristic predictions of QCD is that
there can be mesons in which the gluonic degrees of free-
dom are non-trivially excited. The simplest example is
a hybrid meson with spin-exotic JPC = 1−+ which is a
JPC combination not available to a qq state. The spin-
exotic quantum numbers then require a non-trivial glu-
onic contribution to the state. These hybrid mesons have
been studied extensively on the lattice, here I discuss
their decay.
A. Light quarks
The S-wave decay of the JPC = 1−+ spin-exotic hy-
brid meson(ρˆ) to pib1 has been studied recently on the
lattice [10]. Since S-wave decays have not previously
been studied in this way, a check was made by extract-
ing the decay strength for the S-wave component of the
transition b1 → piω. As shown in fig 1, the lattice deter-
mination, though using heavier quarks than experiment,
fits in well. This gives confidence that the hybrid decay
prediction will be reliable. Since the experimental effec-
tive coupling constant lies lower than the lattice results,
this also shows that lattice results, with heaver than ex-
perimental quark masses, may overestimate the coupling
somewhat. This may be interpreted, phenomenologically,
as arising from form-factor effects [11].
From lattices with Nf = 2 flavours of sea-quark, a re-
cent study [10] obtains a spin-exotic hybrid meson state
FIG. 1: First test of S-wave decays from the lattice for b1 →
piω from ref [10]. The effective coupling g¯ is plotted versus the
quark mass, as determined by the pseudoscalar mass squared
with the scale is set by r0 ≈ 0.5 fm.
at 2.2(2) GeV. The S-wave decay transitions are then
evaluated, as shown in fig. 2, obtaining a partial width
to pib1 of 400(120) MeV and to pif1 of 90(60) MeV. These
results indicate that the decay width of this hybrid me-
son may be large and, hence, more difficult to extract
experimentally.
For a recent preliminary lattice study of decay of a
JPC = 1−+ hybrid meson to pia1 using the Lu¨scher
method which obtains a width of around 60 MeV, see
ref. [12]. This decay channel implies that the hybrid me-
son considered has I=0, rather than I=1 as above.
B. Heavy quarks
The cleanest environment in which to study such hy-
brid states on a lattice is in the limit of very heavy quarks
which is relevant to bb. This can be approximated by us-
ing static quarks and the gluonic excitation arises as an
excited string state between these static quarks with non-
trivial gluonic angular momentum. Lattice studies have
long predicted the spectrum of such states.
To guide experiment, however, it is important to know
the expected decay mechanism and associated width. In
the static quark limit, several symmetries can be used
which imply [13] that the dominant decay will be string
de-excitation (rather than string breaking) as illustrated
in fig 3. Lattice study [13] shows that the dominant decay
of the hybrid meson Hb is string de-excitation to χbf0.
3FIG. 2: Strength of spin-exotic hybrid decay transition is
given by the slope from ref [10].
FIG. 3: Initial and final states relevant for decay of heavy
quark spin-exotic hybrid meson to χbf0.
The width is predicted to be around 80 MeV.
This estimate from first principles of the decay width is
of significance in guiding experimental searches for such
hybrid states.
IV. SCALAR MESONS
A. Light quarks
Since uu + dd, ss, glueball, and meson-meson compo-
nents are all possible for flavour-singlet scalar mesons,
this is a difficult area to study both on a lattice, and in
interpreting experimental data. For scalar mesons the
lowest mass decay channels are pipi (flavour singlet: f0)
or ηpi (flavour non-singlet: a0) and these decay channels
are open in many dynamical lattice studies. The history
of lattice attempts to study the complex mixing between
these different contributions is :
• 0++ glueball decay→ pipi: quenched study [14, 15].
• glueball mixing with qq meson. This hadronic tran-
sition has been studied using quenched [16] and dy-
namical lattices [17]
A full lattice study is needed which includes glueball,
qq and pipi channels but the disconnected diagram for
f0 → pipi is very noisy in practice - as shown in ref. [18].
FIG. 4: Mass difference of b1 and a0 mesons from ref [19] plot-
ted versus the quark mass, as determined by the pseudoscalar
mass squared with the scale is set by r0 ≈ 0.5 fm. The open
box is the experimental point if the a0 meson is at 980 MeV.
To reduce the contribution from disconnected dia-
grams, one can study flavour non-singlet scalar mesons.
The simplest case is a0 which has a decay ηpi and this has
been explored in quenched studies which have an anoma-
lous behaviour: since the η itself is unphysical (appear-
ing as a double pole degenerate in mass with the pion).
Rather than try to correct for this anomaly which gives a
wrong sign to the a0 correlator at larger t, it is preferable
to use a ghost-free theory. With two flavours of sea quark
(Nf = 2), this problem is avoided. A recent study [19] of
the a0 meson concentrates on the mass difference between
it and the b1 meson, as shown in fig. 4. This study con-
cludes that the q¯q non-singlet scalar meson lies around 1
GeV - which is considerably lighter than some previous
lattice studies (see ref [19] for a summary).
As well as determining the mass values, this study eval-
uates the a0 → ηpi and a0 → KK transitions. Results
from the connected contribution to these transitions are
shown in fig.5. The resulting coupling constant is deter-
mined to be of similar value to that obtained by some
phenomenological studies of decays of the a0(980) me-
son. This again points to the possibility that the a0(980)
may be substantially a q¯q state.
4A full study of flavour singlet scalar mesons will need
to take into account the q¯q, gluonic and meson-meson
channel and their mixing. This has not yet been achieved,
for a summary of the current state of lattice studies see
ref. [18].
FIG. 5: Effective coupling from connected contribution to
decay transition of scalar meson → 2 pseudoscalars from
ref. [19]. The t region around 0.5 to 1.5 is expected to be
relevant (in units with r0 ≈ 0.5 fm).
B. Heavy-light quarks
One of the most promising ways to study scalar mesons
on lattice is through heavy-light mesons. The scalar me-
son with cs quantum number is known experimentally [1]
to be very narrow (it decays only via the isospin-violating
channelDspi or electromagnetically), while the scalar me-
son with bs quantum number is predicted to be similarly
narrow from a lattice study of its energy [20].
The heavy-light scalar meson, which in the limit of
a static heavy quark, is expected to be stable [20] for
bs content and to decay to Bpi for bn content (where
n = u, d, considered as degenerate). Evaluating the dia-
gram shown in fig. 6, a lattice estimate, shown in fig. 7,
of the decay rate of B(0+)→ B(0−)pi gives a width pre-
dicted [21] as 162(30) MeV. This state has not been ob-
served experimentally yet, but the experimental results
for the corresponding cn state, D(0+), are that the width
is 270 ± 50 MeV. Although significant 1/mQ effects are
expected in the HQET in extrapolating to charm quarks,
this is indeed a similar magnitude to that predicted for
B mesons. It will be interesting so see how the lattice
prediction of the mass and width of the B(0+) fares when
experimental results are available.
BB(0+)
pi
FIG. 6: Diagram for B(0+)→ Bpi transition
FIG. 7: B(0+) → Bpi transition strength (given as slope) on
a lattice from ref. [21].
V. DO DECAYS MATTER?
The previous discussion of decays on a lattice empha-
sises that qq states do mix with two-body states with the
same quantum numbers. In the real world, the two-body
states are a continuum and nearby states have a predom-
inant influence. Since there is a suppression in the am-
plitude near threshold from the factor qL for an L-wave
transition, for S-wave transitions (L = 0) the threshold
will turn on most abruptly and hence will have stronger
mixing.
For bound states there is an influence of nearby many-
body states (eg. Npi on N or pipipi on pi) which mix to re-
duce the mass. The nearest such thresholds will be those
with pionic channels since pions are the lightest mesons.
This is the province of low energy effective theories, es-
pecially Chiral Perturbation Theory which is discussed
in other talks. This then provides a reliable guide in
5extrapolating lattice results to the physical light quark
masses.
For unstable states (resonances) the influence of the
two-body continuum is less clear since the two-body
states are both lighter and heavier. In the continuum
at large volume, effective field theories can again be used
to explore this. On a lattice, however, the signal for a
particle becomes obscured as the quark mass is reduced
so that it becomes unstable. Techniques, such as those
discussed above, are needed to extract the elastic scat-
tering phase shift and hence the mass and width.
For quenched QCD, however, where these two-body
states are not coupled (or have the wrong sign as in
a0 → ηpi), then the unstable states will be distorted com-
pared to full QCD. For instance, in existing quenched
QCD studies, the ρ will be too heavy since it is not re-
pelled by the heavier pipi states. Indeed an example of
this effect was seen above in the study of ρ decay includ-
ing dynamical sea quarks, where the ρ mass decreased [9]
when it could couple to pipi compared to when it could
not.
VI. MOLECULAR STATES?
Can lattice QCD provide evidence about possible
molecular states: hadrons made predominantly of two
hadrons?
The prototype is the deuteron: n p bound in a relative
S-wave (with some D-wave admixture) by pi exchange.
There are many states close to two-body thresholds.
Since S-wave thresholds are the most abrupt, it is usually
in this case that the influence of the threshold on the state
has been discussed. Some of these cases are:
f0(980) a0(980) ↔ KK
Ds(0
+) ↔ D(0−)K
Bs(0
+) ↔ B(0−)K
X(3872) ↔ D∗D
Λ(1405) ↔ KN
N(1535) ↔ ηN
Some of these states (Ds(0
+), Bs(0
+)) are stable (in
QCD in the isospin conserving limit) whereas the rest
have other channels open. There is a large literature,
stretching over 40 years, discussing the consequences of
the nearby threshold on these states. One definite im-
plication is that isospin breaking is enhanced by mass
splittings in thresholds (eg. K0K0 compared to K+K−
is 8 MeV higher and this induces isospin mixing between
the states at 980 MeV). This level of detail is not accessi-
ble in lattice studies at present, but lattice QCD should
be able to address the issue of the influence of thresholds
on these states.
The observation of a state near a 2-body threshold
implies that there is an attractive interaction between the
two bodies. But this is a topic like that of whether the
chicken or egg was created first: an attractive interaction
implies and is implied by a nearby state. What can lattice
QCD offer here? We are in the position of being able to
vary the quark masses and this is a very useful tool. A
two-body threshold will move in general in a different
way with changing quark mass than a qq state. We can
also move the strange and non-strange masses separately
and this can be helpful too.
Another line of investigation is that lattice studies can
explore the wavefunction of a state - either the Bethe-
Salpeter wavefunction or the charge or matter spatial
distribution. One can also explore the coupling of a state
to a 2-body channel, as was discussed above.
The prototype of a molecular state is the deuteron: it
has a tiny binding energy (2.2 MeV) and a very extended
spatial wave function. Pion exchange between neutron
and proton gives a mechanism for this long-range attrac-
tion. In general it is difficult to reproduce such small
binding energies in lattice studies.
Another case where a long-range pion exchange can
give binding is in the BB system. Here lattice results
indicate [22] the possibility of molecular bound states in
some quantum number channels which have an attractive
interaction from pion exchange, but also the possibility
of bound multi-quark states which are not described as
hadron-hadron but where the two heavy quarks form a
colour triplet and the light quarks are arranged as in a
heavy-light-light baryon. This BB example illustrates
the rich structure available to multi-quark systems.
One case where lattice studies have been able to shed
considerable light is for the bs and cs scalar mesons.
Since, in the isospin conserving limit, these states can-
not couple to Bspi, Dspi, they have a lightest open de-
cay channel BK, DK. Lattice studies [20, 23] indicate
that, in both cases, the scalar meson lies below the open
threshold, so the states should be stable.
Because simple quark model expectations were that
these scalar mesons were unstable, theorists have sug-
gested that a BK, DK molecular composition was re-
sponsible. This can be explored on a lattice by measur-
ing the spatial distribution of the heavy-light meson. A
study [24] of the charge distribution of the light quark in
aBs(0
+) meson is illustrated in fig.8. This shows that the
light quark spatial distribution is similar to that of other
Qq states (eg. JP = 2+) for which no molecular inter-
pretation is proposed. This reinforces the conclusion that
the Bs(0
+) is predominantly a b¯s state. The decay tran-
sition from Bs(0
+) to BK has also been determined (see
above) and it has an effective coupling constant which
is consistent with that found for other (non-molecular)
decays. Overall, lattice evidence does not support the
hypothesis that Bs(0
+) is a molecular state.
VII. CONCLUSIONS
Lattice can address hadronic structure:
60 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8
R in fm
0
1
2
3
4
R
2  
x
11
(R
)
P- static
P+ static
FIG. 8: Charge distributions of Bs(0
+) and Bs(2
+) mesons
from the lattice. The heavy quark is static and the light quark
is at distance R from it. The JP = 0+ meson is P
−
while the
JP = 2+ meson is P+.
• form factors (eg. charge wavefunctions) can be
evaluated
• decay transitions (and mixing transitions) can be
evaluated
• structure function moments can be evaluated
(steady but slow progress here)
• hadronic matrix elements are needed to interpret
experiment (eg fB relatesB meson to b quark, etc..)
in searches for signs of physics beyond the standard
model.
Hadronic physics involves unstable states and lattice
techniques are being developed to study these as we have
summarised. These techniques have been tested against
experiment for ρ → pipi and b1 → piω. In particular
we presented evidence that the spin exotic hybrid meson
(made of light quarks) is at a mass around 2 GeV and has
a wide width. We discussed scalar mesons, and presented
evidence that the a0(980) meson is basically a qq¯ state
and that the Bs(0
+) meson is also predominantly a bq¯
state.
There is a lot to be learnt from the lattice beyond mass
spectra.
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